Introduction
For a reductive Lie group G and a uniform lattice Γ in G we consider the compact space Γ\G. We fix a maximal torus H in G and consider its action on the compact quotient Γ\G. Assuming H to be noncompact we will prove a Lefschetz formula relating compact orbits as local data to the action of the torus H on a global cohomology theory (tangential cohomology). The compact orbits are parametrized modulo homotopy by those conjugacy classes [γ] in Γ whose G-conjugacy classes meet H. On the other hand the homotopy also has to be taken into account, so, for a class [γ] let X γ be the union of all compact orbits in that class then it is known that X γ is a smooth submanifold and with χ r (X γ ) we denote its detwisted Euler characteristic (see sect. 2). Note that χ r (X γ ) is local, i.e. it can be expressed as the integral over X γ of a canonical differential form (generalized Euler form). On the other hand it can be expressed, as in sect 2, as a simple linear combination of Betti numbers. Next, λ γ is the volume of the orbit and P s the stable part of the Poincaré map around the orbit. Then the number L(γ) := λ γ χ r (X γ ) det(1 − P s )
will be called the Lefschetz number of [γ] (compare [8] ). The class [γ] defines a point a γ in the split part A of H modulo the action of the Weyl group. In the case the Weyl group has maximal size (for example when H is maximally split) our Lefschetz formula is an equality of distributions:
where H * is the tangential cohomology of the unstable/neutral foliation F induced by the torus action. In [6] a similar formula is proven to hold up to a smooth function in the case of a flow.
Euler-Poincaré functions
In this section and the next we list some technical results for the convenience of the reader. Let G denote a real reductive group of inner type [10] and fix a maximal compact subgroup K. Let (τ, V τ ) be a finite dimensional unitary representation of K and write (τ , Vτ ) for the dual representation. Assume that G has a compact Cartan subgroup T ⊂ K. Let g 0 = k 0 ⊕ p 0 be the polar decomposition of the real Lie algebra g 0 of G and write g = k + p for its complexification. Choose an ordering of the roots Φ(g, t) of the pair (g, t).
This choice induces a decomposition
Proof: [5] . 
, where c g is Harish-Chandra's constant, it does only depend on the centralizer G g of g. Its value is given for example in [3] .
Proof: [5] . 2 Proposition 1.3 For the function f σ we have for any π ∈Ĝ:
i.e. f σ gives the Euler-Poincaré numbers of the (g, K)-modules (V σ , V π ), this justifies the name Euler-Poincaré function.
Proof: [5] . 2
Detwisted Euler characteristics
Let C + denote the category of complexes of C-vector spaces which are zero in negative indices and have degreewise finite dimensional cohomology, i.e. the dimension of H j (E) is finite for all j. Let K + denote the Grothendieck group of C + . An element
Define the detwist of an element E of K + as
where E[k] j = E k+j . Since the sum is degreewise finite this defines a new element of K + . The higher detwists are defined inductively, so E (0) = E and E (r+1) = E (r) ′ .
We need to extend the notion of an Euler characteristic to infinite virtual complexes by
Call a complex cohomologically finite if H j (E) = 0 for large j, in other words, the total cohomology H(E) is finite dimensional.
Observation: Let the virtual complex E be cohomologically finite and assume that the Euler characteristic χ(E) vanishes. Then the detwist E ′ is cohomologically finite.
So start with a cohomologically finite virtual complex E. If E (1) , . . . , E (r) are cohomologically finite we have
This is easily proven by induction on r. This motivates the following Definition: The r-th detwisted Euler characteristic of a cohomologically finite virtual complex E is defined by
To every compact manifold M we now can attach a sequence of Euler numbers
where n is the dimension of M. The most significant of these is, as we shall see, the first nonvanishing one, so define the generic Euler number of M as 
Proof: See [4] .
2
To give another example of a situation in which higher Euler characteristics occur we will describe a situation in Lie algebra cohomology which will show up later.
We consider a short exact sequence
of finite dimensional complex Lie algebras where a is abelian. In such a situation a l-module V is called acceptable , if the a-module H q (n, V ) is semisimple and finite dimensional. Note that V itself needn't be finite dimensional. Example 1.: Any finite dimensional l-module will be acceptable. Example 2.: Let g 0 denote the Lie algebra of a semisimple Lie group G of the Harish-Chandra class, i.e. G is connected and has a finite center. Let K be a maximal compact subgroup of G and let G = KAN be an Iwasawa decomposition of G. Write the corresponding decomposition of the complexified Lie algebra as g = k ⊕ a ⊕ n. Now let l = a ⊕ n with the structure of a subalgebra of g. Consider an admissible (g, K)-module V . A theorem of [HeSchm] assures us that V then is an acceptable l-module.
be an exact sequence of finite dimensional complex Lie algebras. Assume that the Lie algebra a is abelian. Let V be an acceptable l-module then with r = dim(a) we have
where H * (n, V ) a denotes the a-invariants in H * (n, V ).
Proof: [5] .
The Lefschetz formula
Now let G be a real reductive group of inner type and Γ a weakly neat uniform lattice in G. This means, Γ is a cocompact torsion free discrete subgroup which is such that for any γ ∈ Γ the adjoint Ad(γ), acting on the Lie algebra of G does not have a root of unity = 1 as an eigenvalue. Any arithmetic group has a weakly neat subgroup of finite index [1] . Fix a maximal torus H of G. Then H splits as H = AB, where B is compact and A is isomorphic to (R * + ) r for some r, the splitrank of H. Now choose a parabolic subgroup P = M AN . Write the real Lie algebras of G, M, A, N as g 0 , m 0 , a 0 , n 0 and their complexifications as g, m, a, n. Let Φ(g, a) denote the set of roots of the pair (g, a). The choice of the parabolic P amounts to the same as a choice of a set of positive roots Φ + (g, a). Let A − ⊂ A denote the negative Weyl chamber corresponding to that ordering, i.e. A − consists of all a ∈ A which act contractingly on the Lie algebra n. Further let A − be the closure of A − in G, this is a manifold with boundary. Let K M be a maximal compact subgroup of M . We may suppose that
Since Γ is the fundamental group of the Riemannian manifold
for any maximal compact subgroup K of G it follows that we have a canonical bijection of the homotopy classes of loops:
For a given class [γ] let X γ denote the union of all closed geodesics in the corresponding class in [S 1 : X Γ ]. Then X γ is a smooth submanifold of X Γ [7] . Let χ r (X γ ) denote the r-fold detwisted Euler characteristic of X γ . Let E P (Γ) denote the set of all conjugacy classes [γ] in Γ such that γ is in G conjugate to an element a γ b γ of A − B.
Take a class [γ] in E P (Γ), modulo conjugation assume γ ∈ H = AB, then the centralizer Γ γ projects to a lattice Γ A,γ in the split part A. Let λ γ be the covolume of this lattice.
It is known that the unitary representation of G on L 2 (Γ\G) splits discretely with finite multiplicities, so a γ b γ |n) .
Proof: Let G act on itself by conjugation, write g.x = gxg −1 , write G.x for the orbit, so G.x = {gxg −1 |g ∈ G} as well as G.S = {gsg −1 |s ∈ S, g ∈ G} for any subset S of G. We are going to consider functions that are supported on the closure of the set G.(M A − ). At first let f τ be the Euler-Poincaré function defined on M attached to the representation (τ, V τ ) of K M . Next fix a smooth function η on N which has compact support, is positive, invariant under K M and satisfies N η(n)dn = 1. Given these data let φ = φ η,τ,ϕ : G → C be defined by
The function φ is compactly supported, dim G-times continuously differentiable, so it may be plugged into the Selberg trace formula. Using results of [3] and the previous sections the geometric side of the trace formula is seen to give the geometric side of our theorem. The spectral side is
To evaluate tr π(φ) we will employ the Hecht-Schmid character formula [9] . For this let
The character Θ G π of π ∈Ĝ is a locally integrable function on G. In [9] it is shown that for any π ∈Ĝ, denoting by π 0 the underlying HarishChandra module we have that all Lie algebra cohomology groups H p (n, π 0 ) are Harish-Chandra modules for M A. The main result of [9] is that for ma ∈ (M A) − ∩ G reg , the regular set we have
.
Let f be supported on G.(M A − ) the the Weyl integration formula states that
So that for π ∈Ĝ:
where we have used the isomorphism
This gives the claim. 2
In the second version of the Lefschetz formula we want to substitute the character of the representation τ by an arbitrary central function on
Since B is a Cartan subgroup of the compact group K M , any k ∈ K M is conjugate to some element of B so the restriction gives in isomorphism from the space of smooth central functions on K M to the space of smooth functions on B, invariant under the Weyl group. Hence we are led to consider Weyl group invariant functions on H.
Let A denote the convolution algebra of all W (G, H)-invariant smooth functions on H with compact support. Let S ⊂ H be the set of all ab with singular a part.
For any h = ab in H let n h be the space of all X ∈ ad(h)g on which h acts contractingly. Then n h is a nilpotent Lie subalgebra of g. 
since ϕ is smooth the coefficients c τ are rapidly decreasing so the expressions of theorem 3.1 when plugging in
which equals
Now replace ϕ(h) by ϕ(h)/det(1 − h|p m ) which gives the claim. 2
At last we also mention a reformulation in terms of relative Lie algebra cohomology. Again, fix a parabolic P = M AN and now fix also a finite dimensional irreducible representation (σ, V σ ) of M . 
Proof: Extend Vσ to a m ⊕ n-module by letting n act trivially. We then get
The (m, K M )-cohomology of the module H p (n, π 0 ⊗Vσ) is the cohomology of the complex (C * ) with
Therefore we have an isomorphism of virtual A-modules:
Now one considers the Hochschild-Serre spectral sequence in the relative case for the exact sequence of Lie algebras
and E p,q
Now the module in question is just
Since the differentials in the spectral sequence are A-homomorphisms this equals χ(E ∞ ). So we get an A-module isomorphism of virtual A-modules
The second statement is clear by [2] p.16. 2
Geometric interpretation
Now consider the first version of the Lefschetz formula. The representation τ defines a homogeneous vector bundle E τ over G/K M and by homogeneity this pushes down to a locally homogeneous bundle over Γ\G/K M = M X Γ .
The tangent bundle T ( M X Γ ) can be described in this way as stemming from the representation of K M on g/k M ∼ = a ⊕ p M ⊕ n ⊕n.
We get a splitting into subbundles
These bundles can be characterized by dynamical properties: the action of A ∼ = R r is furnished with a positive time direction given by the positive Weyl chamber A + . Then T s , the stable part is characterized by the fact that A + acts contractingly on T s . On the unstable part T u the opposite chamber A − acts contractingly. T c , the central part is spanned by the "flow" A itself and T n is an additive neutral part. Note that T n vanishes if we choose H to be the maximal split torus. The bundle T n ⊕ T u is integrable, so it defines a foliation F. To this foliation we have the tangential cohomology H * (F) and also for its τ -twist: H * (F ⊗ τ ). The flow A acts on the tangential cohomology whose alternating sum we will consider as a virtual A-module. For any ϕ ∈ C ∞ c (A − ) we define L ϕ = A − ϕ(a)(a|H * (F ⊗ τ ))da as a virtual operator on H * (F ⊗ τ ). Then we have 
